Abstract. Let F be a free semigroup and let A be an automorphism group of F . A description is given of the space of real functions ϕ on semigroup F satisfying the following conditions:
Introduction
The question 'if we replace a given functional equation by a functional inequality, then under what conditions will the solutions of the inequality be close to the solutions of the equation' was posed for the functional equation f (xy) = f(x) · f(y) for x, y in a group G in [1] in connection with the results of the papers [2] - [4] .
For a mapping f of the group G into the semigroup of linear transformations of a vector space, in the papers [5] , [6] sufficient conditions for the coincidence of the solution of the functional inequality f (xy)−f (x)·f (y) < c with the solution of the corresponding functional equation f (xy)−f (x)·f (y) = 0 was studied. In the papers [7] - [9] , it was independently shown that if a continuous mapping f of a compact group G into the algebra of endomorphisms of a Banach space satisfies the relation f (xy) − f (x) · f (y) δ for all x, y ∈ G with a sufficiently small δ > 0, then it is ε-close to a continuous representation g of the same group in the same Banach space (i.e., we have f (x) − g(x) < ε for all x ∈ G). In the paper [9] , for any positive ε, an example is constructed of a matrix-valued mapping f of the group G with generators a, b, c, and d and defining relation a −1 b −1 abc −1 d −1 cd = 1, such that f satisfies the relation f (xy) − f (x) · f (y) < ε but is not δ-close (0 < δ < 1/10) to any representation of the group G.
In the papers [10] - [13] the following new algebraic object was introduced.
Definition 1.
A pseudocharacter of a semigroup S is a real function ϕ on S satisfying the following conditions: 1) the set {ϕ(xy) − ϕ(x) − ϕ(y); x, y ∈ S} is bounded; 2) ϕ(x n ) = nϕ(x) for any x ∈ S and n ∈ N .
The set of pseudocharacters of a semigroup S is a vector space (with respect to the usual operations of addition of functions and their multiplication by numbers), which will be denoted by P X(S). The subspace of P X(S) consisting of real additive characters of the semigroup S will be denoted by X(S). The notion of pseudocharacter permits us to understand the nature of the existence of mappings satisfying the relation of the form f (xy) − f (x) · f (y) < ε without being close to any representation: if ϕ is a pseudocharacter and |ϕ(xy) − ϕ(x) − ϕ(y)| < c, then for any α ∈ R the function f (x) = exp(iαϕ(x)), x ∈ G, satisfies the relation |f (xy) − f (x) · f (y)| < | exp(iαc) − 1| for |αc| < π. Thus, for any c > 0 and for any ε > 0, the value |f (xy) − f (x) · f (y)| can be considered to be uniformly smaller than ε for a suitable choice of α > 0.
In [12] - [17] a description of the spaces of pseudocharacters on free groups and semigroups, semidirect and free products of semigroups was given.
The referee of this paper pointed out to the following connection of pseudocharacters with the theory of Banach algebra cohomology. The condition (1) of the definition of pseudocharacter exactly gives a bounded 2−cocycle on S. Hence, if semigroup S has a nontrivial pseudocharacter, i.e., P X(S) \ X(S) = ∅ , then arguing as [18, Proposition 2.8] we obtain H 2 (S, C) = 0.
Definition 2.
A pseudocharacter f of a semigroup S is said to be invariant with respect to a semigroup K of endomorphisms of S if for any elements x ∈ S and any
Let us denote the space of pseudocharacters of semigroup S that are invariant with respect to a semigroup K of its endomorphisms by P X(S, K). Denote by X(S, K) the subspace of P X(S, K) consisting of real additive characters of S.
In [15] the following result was obtained.
Theorem 1. P X(K ·S) = P X(K)+P X(S, K)
, where K ·S denotes the semidirect product of the semigroups K and S and K acts on S by endomorphisms.
In connection with this result, the problem of describing the space of pseudocharacters of some semigroup S which are invariant with respect of some semigroup K of its endomorphisms arises. §1. The main results
The aim of this article is to give a description of the space of pseudocharacters of a free semigroup invariant with respect to some group of its automorphisms.
From Definition 1 it follows that if F is a free semigroup of rank 1, then P X(F) = X(F). Therefore, in the sequel we shall assume that F is a free semigroup with the set X of free generators, and that the cardinality of X is greater than 1. Let A be a subgroup of Aut F . Definition 3. Two elements u, v of F are said to be conjugate if there are a and b in F such that u = ab, v = ba. The relation of conjugacy is denoted by ∼. We will say that elements u and v of F are A-conjugate if there is an a ∈ A such that u a ∼ v.
Definition 4.
An element of F is called simple if it is not a nontrivial power of another element. The set of the simple elements of the semigroup F will be denoted by P.
It is easy to see that the relation of A-conjugacy is an equivalence relation on F and on P. We denote the relation of A-conjugacy by ∼ A .
The number |v| = n is called the length of the element v. Now for each word v in the semigroup F we introduce the set of "beginnings" H(v) and the set of "ends"
Lemma 1.
There is a set P of representatives of conjugacy classes in P such that for each w ∈ P H(w) ∩ K(w) = ∅.
Proof. See Lemma 8 in [17] .
For any element w of F such that H(w) ∩ K(w) = ∅ in [17] the functions η w and e w were defined as follows: if v ∈ F, then η w (v) is equal to the number of occurrences of w in the word v; e w = max{η w (v ), v ∼ v} .
Lemma 2. Let w ∈ P . Then the function e w is a pseudocharacter and we have the following relations:
1) |e w (uv) − e w (u) − e w (v)| 2 for any elements u and v of F ; 2) if |u| < |w|, then e w (u) = 0; 3) if |u| = |w|, then e w (u) = 1 for u ∼ w and e w (u) = 0 for u not conjugate to w.
Proof. See Lemma 13 in [17] . Theorem 1] we obtain that the functions δ w and δ w are pseudocharacters of the semigroup F .
Lemma 4. For each v in F and a in
is valid, i.e., the pseudocharacters δ w and δ w are invariant relative to the action of the group A.
Let x ∈ F; we set H(x) = H(x) ∪ {x} and K(x) = K(x) ∪ {x}. For each pair of elements x, y of F we define measures µ x,y , µ x,y,x , and ν x,y on P as follows.
We set µ x,y (w) = 1 if there exist a and b such that a ∈ K(x), b ∈ H(y), and w = ab; otherwise we set µ x,y (w) = 0.
We set µ x,y,x (w) = 1 if there exist c and d such that c ∈ K(x), d ∈ H(x), and w = cyd; otherwise we set µ x,y,x (w) = 0.
Finally, we set ν x,y (w) = µ x,y (w) + µ y,x (w) + µ x,y,x (w) + µ y,x,y (w) − µ x,x (w) − µ y,y (w). 
Let us fix some system of representatives T of the classes of A-conjugate elements lying in P such that H(w) ∩ K(w) = ∅ for any w ∈ T . Denote by T n the subset of T consisting of elements of length n . Denote by ZP X(F, A) the subspace of P X(F, A) consisting of the pseudocharacters of semigroup F vanishing on T 1 .
Denote by L (T ) the space of real functions α on T satisfying the following conditions :
1) α T1 ≡ 0; 2) α Tn is bounded for each positive integer n; 3) the set T α dω A x,y , x,y ∈ F is bounded. Now we can give the statements of the main results.
Theorem 2. Let γ be a bounded function on the set T n ; then the function ψ γ = w∈Tn γ(w)δ w belongs to the space P X(F, A) and ψ
γ (w) = γ(w) ∀w ∈ T n .
Theorem 3. Each element ϕ of the space ZP X(F, A) is uniquely representable in the form
ϕ = w∈T α(w)δ w , α ∈ L (T).
Lemma 9. The expression t∈T1 γ(t)δ t is the general form of an element of the space X(F , A)
, where γ is an arbitrary function from T 1 to R.
Corollary 1. Each element f of the space P X(F, A) is uniquely representable in the form
f = χ + w∈T α(w)δ w , χ ∈ X(F, A), α ∈ L (T).
§2. Proofs of the main results

Lemma 3. For any element a ∈ A the following equalities hold:
Proof. The proof is straightforward.
This lemma implies that the mapping a : b → a −1 ba establishes a one-to-one correspondence between B(w) and B(w a ), and between St(w) and St(w a ) too. Hence, the sets C(w) and C(w a ) have equal cardinality. For each γ ∈ C(w) the word w γ is a cyclic permutation of word w. Let γ 1 and γ 2 be distinct elements of C(w) ; then w γ1 = w γ2 . In fact if w γ1 = w γ2 , then γ −1 2 γ 1 ∈ S(w) and there is h ∈ St(w) such that γ 1 = γ 2 · h. Hence, the elements γ 1 , γ 2 belong to the same coset of B(w) by S(w). This means that γ 1 = γ 2 and we obtain a contradiction to the assumption. Thus the mapping w → w γ is an embedding of C(w) into the set of distinct elements of F which are conjugated with w. Therefore, |C(w)| ≤ |w|. Let a 1 , a 2 be elements of A(w) such that a 1 = a 2 . It can easily be checked that
It is clear that M (w) coincides with the set of values of the function a → w a , a ∈ A. It is evident that for any a ∈ A and any w ∈ F the equality (M (w)) a = M (w) holds. Proof. In [17, Lemma 11] it was shown that for each w ∈ F such that H(w) ∩ K(w) = ∅ we have the equality
It is easy to verify that for any u, v from F the equalities η w (v a ) = η w a −1 (v) and µ v,u (w a ) = µ v a −1 ,u a −1 (w) hold. Now from (1) we obtain the equality
Further, we have
The lemma is proved.
Lemma 2 implies that δ w (w) is equal to the number of elements in the set M (w) which conjugate with w. Therefore, δ w (w) = |C(w)| and 1 ≤ δ w (w) ≤ |w| and we have δ w (w) = 1.
It is clear that a class of A-conjugate elements containing t consists of a union of classes of conjugate elements such that their representatives are elements t γ , γ ∈ D(t). Let γ 1 , γ 2 be different elements of D(t). It is clear that w
γ1 ∼ w γ2 . By Lemma 1 in every class of A-conjugate elements belonging to P there is an element w such that the relation H(w) ∩ K(w) = ∅ holds.
Let us fix some system of representatives T of classes of A-conjugate elements lying in P and having the property H(w) ∩ K(w) = ∅. Evidently, every element ϕ from the space P X(F, A) is defined by its restriction to T . Proof. The proof is by direct calculation.
Let P X(F T1 , A) be the subspace of P X (F, A) , consisting of pseudocharacters of the semigroup F vanishing on the set T 1 . Suppose ϕ ∈ P X(F, A) and γ = ϕ T1 . Then the function f = ϕ − w∈T1 γ(w)δ w belongs to the space P X(F, A) and f T1 ≡ 0.
Thus the problem of a description of space P X(F, A) is reduced to the problem of a description of the space P X(F T1 , A). 
Definition 6. For any pair u, v ∈ F we define measures ω
Lemma 7. For each u, v ∈ F and each w ∈ T we have ω
Proof. By Lemma 12 from [17] we have
Theorem 2. Let γ be a bounded function on the set T n ; then the function
belongs to the space P X(F, A) and ψ γ (w) = γ(w) ∀w ∈ T n .
Proof. Consider the measures ν u,v . Let M n be the subset of F consisting of the words of length n in the alphabet X. Then for each w ∈ T n M(w) is a subset of M |w| . From the definition of the measures ν u,v it follows that for any words u and v and n ≥ 2 the estimate |M n ∩ supp ν u,v | ≤ 4(n − 1) holds. Note that the collection w∈Tn {t; t ∈ M (w)} consists of pairwise distinct elements. In fact, it is clear for elements belonging to {t; t ∈ M (w)}. Now suppose that t 1 = t 2 , t 1 ∈ M (w 1 ), t 2 ∈ M(w 2 ), w 1 ∼ A w 2 . Since t 1 ∼ A w 1 , and t 2 ∼ A w 2 we obtain that w 1 ∼ A w 2 , and we come to a contradiction to the assumption. Hence, there exist at most 4(n − 1) elements w of M n such that ω From (4) and Lemma 2 we obtain |ν u,v (w)| ≤ 2; therefore,
and |ω 
2 (by (6), (7)).
Now from Lemma 6 it follows that ψ γ (w) = γ(w) ∀w ∈ T n . The theorem is proved.
Denote by K the set of functions ϕ on the semigroup F satisfying the following conditions:
It is evident that K is a linear space relative to the ordinary operations. Denote by ZP X(F, A) the subspace of P X(F, A) consisting of pseudocharacters of the semigroup F vanishing on T 1 (and hence on the set P 1 = X too). It is clear that ZP X (F, A) is a subspace of K. Lemma 8. Let ϕ ∈ P X(F, A) and ϕ T1 ≡ 0. Then the function ϕ is bounded on the set T n ∀n ∈ N .
Proof. The proof is by induction on n.
Denote by L(T ) the space of real functions α on T satisfying the following conditions: α T1 ≡ 0, and α Tn is bounded for each positive integer n. It is obvious that L (T ) is a subspace of L(T ). Let us construct an isomorphism θ between the spaces K and L(T ). Let ϕ ∈ K. For each i ∈ N we define the function α i : T i → R by induction as follows: let α 1 ≡ 0, and if the values α 1 , α 2 , . . . , α n have already been defined, then we set
Here ϕ αi are pseudocharacters introduced by equality (5) (note that ϕ α1 ≡ 0). Now we define the function α = θ(ϕ) via its restriction to T i by setting α Ti = α i . Let us show that θ(ϕ) belongs to L(T ). Indeed, we have α T1 = α 1 ≡ 0. Furthermore, suppose that we have already established that the functions α T1 , . . . , α Tn are bounded. Let us prove that α Tn+1 is also bounded. Since the restrictions of the pseudocharacters ϕ, ϕ α2 , . . . , ϕ αn to T 1 are zero functions it follows from Lemma 8 that all these pseudocharacters are bounded functions on T n+1 ; therefore, formula (8) implies that the function α Tn+1 is bounded too.
Theorem 3. 1) The mapping θ is an isomorphism between the linear spaces K and L(T ). The restriction of θ to ZP X(F, A) is an isomorphism between the linear spaces ZP X(F, A) and L (T ). 2) Each element ϕ of the space ZP X(F, A) is uniquely representable in the form
Proof. Let us show that the mapping θ is linear. First we note that if τ 1 , τ 2 , τ are bounded functions on T n+1 and λ 1 and λ 2 are reals such that τ = λ 1 τ 1 + λ 2 τ 2 , then we have
where ϕ τ , ϕ τ1 , ϕ τ2 are the pseudocharacters defined by equality (5) . Suppose that the function ϕ ∈ K satisfies formula (8) . Let λ ∈ R. Assume that we have already established that the restrictions of the functions θ(λϕ) to T 1 , . . . , T n are equal to λα 1 , . . . , λα n , respectively. Then from formulas (8) and (9) we obtain θ(λϕ) Tn+1 
Let ψ ∈ K and θ(ψ) Tn = β n , n ∈ N . Then it is clear that (ϕ + ψ) T1 ≡ 0 and (ϕ + ψ) T2 = ϕ T2 + ψ T2 = α 2 + β 2 . Suppose that we have already established that (ϕ + ψ) Ti = ϕ Ti + ψ Ti , i = 1, 2, . . . , n. Then for n + 1 formulas (8) and (9) imply
Thus, the mapping θ is linear.
Let us show that θ maps K onto L(T ). Indeed, let α ∈ L(T ) and α Ti = α i . Since for each t ∈ F there is only a finite set of nonzero numbers of the form ϕ αn (t), n ∈ N, the function ϕ = ∞ i=2 ϕ αi on F is well defined and belongs to the space K. Let us show that θ(ϕ) = α. We set θ(ϕ) Ti = β i ; let us verify that β i = α i , ∀i ∈ N . Since β 1 = ϕ T1 ≡ 0, we have β 1 = α 1 . Suppose that we have already established the relations β i = α i for i ≤ n; then for all w ∈ T n+1 by formula (8) we have
where the latter equality follows from Theorem 2. Thus, β n+1 ≡ α n+1 , and θ is an epimorphism. Now let us verify that ker θ = 0. Indeed, let ϕ ∈ K and θ(ϕ) ≡ 0. This means α i = θ(ϕ) Ti ≡ 0, ∀i ∈ N . Formula (8) implies ϕ T1 ≡ 0, ϕ T2 ≡ 0, and for each w ∈ T n+1 we obtain ϕ(w) = n i=2 ϕ αi (w)+α n+1 (w) = n+1 i=2 ϕ αi (w). Since α i ≡ 0, ∀i ∈ N, we have ϕ αi ≡ 0; therefore, the latter equality implies ϕ Tn+1 ≡ 0. Now from properties 1) and 2) of functions from the space K it follows that ϕ ≡ 0 on F. Therefore, ker θ = 0 and θ is an isomorphism. Hence, as was shown above for a function α from L(T ) such that α Ti = α i , ∀i ∈ N , we have
Now let us show that under the isomorphism θ we assign to the elements of The theorem is proved.
Denote by R T1 the space of real-valued functions on the set T 1 .
Lemma 9. The expression t∈T1 γ(t)δ t is the general form of an element from the space X(F , A).
Proof. Follows from Lemmas 5 and 6.
It is evident that the mapping γ → t∈T1 γ(t)δ t is an isomorphism between the linear spaces R T1 and X(F , A).
Corollary 1. Each element f of the space P X(F, A) is uniquely representable in the form
Proof. Let χ be an element of X(F ) such that χ(x) = f(x) ∀x ∈ X. It is easy to see that χ ∈ X(F , A). Then we have f − χ ∈ ZP X(F, A). Now from Theorem 3 we obtain the required representation. Proof. Let w = x 1 x 2 , where x 1 , x 2 ∈ X. It is easy to see that δ w is not a character and belongs to the space P X(F, AutF). Taking into account Theorem 1 and the relation P X(F, AutF) ⊆ P X (F, B) , we obtain δ w ∈ P X(S).
